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Leptonic CP and T Violation in Oscillations

CP
νµ ↔ νe ⇐⇒ ν̄µ ↔ ν̄e Super-Beams

T $ $ T

νe ↔ νµ ⇐⇒ ν̄e ↔ ν̄µ Nu-Factory
CP

CP Violation in Neutrino Oscillations

is related to Leptogensis
and hence Baryogenesis.

sparkE – 17 Nov 2003 2
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Nu Worlds
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θ13 & Beyond:
Nu Worlds

Summary: νµ → νe

• Fabulous Laboratory for Neutrino Oscillations

• Sensitive to

• Fraction νe in ν3: sin2 θ13

• Mass Hierarchy: sign δm2
31

• CP Violation: sin δCP

• Atmospheric: θ23 ↔ π
2 − θ23

• CPC: cos δCP

• Solar: δm2
21 sin2 2θ12

• Potential for Surprises!
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νµ → νe

Pµ→e =
∣∣∣ ∑

j U∗µj Ueje
−im2

jL/2E
∣∣∣2

Elimate U∗µ1Ue1

using unitarity of U.
Use ∆ij = δm2

ijL/4E = 1.27δm2
ijL/E

Pµ→e =
∣∣ 2U∗µ3Ue3 sin∆31e−i∆32 + 2U∗µ2Ue2 sin∆21

∣∣2
Square of Atmospheric+Solar amplitude:

U∗µ3Ue3 = s23s13c13e∓iδ for ν and ν̄:

Approx. U∗µ2Ue2 ≈ c23c13s12c12 +O(s13):

Pµ→e ≈
∣∣ 2s23s13c13 sin∆31e−i(∆32±δ) + 2c23c13s12c12 sin∆21

∣∣2
Interference term different for ν and ν̄: CP violation !!!
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νµ → νe

P (νµ → νe) = | U∗
µ1e

−im2
1/2EUe1 + U∗

µ2e
−im2

2/2EUe2 + U∗
µ3e

−im2
3/2EUe3 |2

= |2U∗
µ3Ue3 sin∆31e

−i∆32 + 2U∗
µ2Ue2 sin∆21|2

= |
√

Patme−i(∆32+δ) +
√

Psol|2

where
√

Patm = sin θ23 sin 2θ13 sin∆31 and
√

Psol ≈ cos θ23 sin 2θ12 sin∆21

P (νµ → νe) = Patm + 2
√

Patm

√
Psol cos(∆32 + δ) + Psol
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Vacuum:

νµ→ νe

P (νµ → νe) = | U∗
µ1e

−im2
1/2EUe1 + U∗

µ2e
−im2

2/2EUe2 + U∗
µ3e

−im2
3/2EUe3 |2

= |2U∗
µ3Ue3 sin ∆31e

−i∆32 + 2U∗
µ2Ue2 sin ∆21|2

= |
√

Patme−i(∆32+δ) +
√

Psol|2

where
√

Patm = sin θ23 sin 2θ13 sin ∆31 and
√

Psol ≈ cos θ23 sin 2θ12 sin ∆21

δ → −δ for ν̄

P (νµ → νe) = Patm + 2
√

Patm

√
Psol cos(∆32 + δ) + Psol
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νµ→ νe

P (νµ → νe) = | U∗
µ1e
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ν̄e (reactor) Disappearance:

Pee = | U∗
e1e

−im2
1L/2EUe1 + U∗

e2e
−im2

2L/2EUe2 + U∗
e3e

−im2
3L/2EUe3 |2

= |Ue1|4 + · · ·
+ 2|Ue1|2|Ue2|2 cos 2∆21 + · · ·

e−iEit ⇒ e−im2
iL/2E

cos 2∆ji = 1− 2 sin2 ∆ji

Pee = 1− 4|Ue3|2|Ue1|2 sin2 ∆31 − 4|Ue3|2|Ue2|2 sin2 ∆32

− 4|Ue2|2|Ue2|2 sin2 ∆21
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Pµ→e ≈ | √
Patme−i(∆32±δ) +

√
Psol |2

0 when ∆31 = π/2

0 in vacuum

a = GF Ne/
√

2 = (4000 km)−1, ∆ij = |δm2
ij|L/4E

and ± = sign(δm2
31)

⇑
⇑

2θ13
θcrit

∼ (aL)θ13

⇓
⇔

∼ ∆31 cot ∆31

– Typeset by FoilTEX – 17
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ρEν m2
i

a → −a for anti-neutrinos:

sin2 2θ13 = 0.10
L = 810 km
ρ = 2.8 g.cm−3

δ = ±π
2
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ρEν m2
i

a → −a for anti-neutrinos:

L = 810 km
ρ = 2.8 g.cm−3
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2
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ρEν m2
i

a → −a for anti-neutrinos:

sin2 2θ13 = 0.10
L = 810 km ρ = 2.8 g.cm−3

δ = ±π
2

⇐ Phases V aries ⇒⊗

– Typeset by FoilTEX – 34

ρEν m2
i
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νe disappearance in Loooong Block of Lead:

1− P (νe → νe) = sin2 2θN! sin2 ∆N

∆N = δm2
NL

4E

same form as vacuum

BUT from δm2 sin 2θ! invarance sin2 2θN! =
(

δm2

δm2
N

)2
sin2 2θ!

1− P (νe → νe) = sin2 2θ!
(

δm2

δm2
N

)2
sin2 ∆N = sin2 2θ!

(
sin2 ∆N

∆2
N

)
∆2

enhancement or suppression depending on

sin2 ∆N
∆2

N

<
>

sin2 ∆
∆2

∆ = δm2L
4E

for small L this reduces to

1− P (νe → νe) = sin2 2θ! ∆2

same as vacuum small L.
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2 Flavor:



Masses and Mixings in MATTER: δm2
N and θN

δm2
N =

√
(δm2 cos 2θ − 2

√
2GF NeEν)2 + (δm2 sin 2θ)2

≈ |δm2 − 2
√

2GF NeEν|
except near resonance: δm2 cos 2θ = 2

√
2GFNeEν

∆N ≈ |∆ − aL| where a = GF Ne/
√

2 ≈ (4000km)−1

1 − P (νe → νe) = sin2 2θ sin2(∆−aL)
(∆−aL)2 ∆2
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Figure 1: Shown are (a) the neutrino mass-squared eigenvalues in matter and (b) the ratio

Jm/Jv, for the parameters listed in eq. (15), as a function of the neutrino energy. Positive

energies correspond to neutrinos, and negative energies correspond to anti-neutrinos (vice

versa for inverted δm2’s).

produces a large value of Jm. A quantitative view of the impossibility of matter to produce

a truly large amplitude results when the explicit expression for Jv in eq. (5) is substituted

into eq. (8). The result is

P !T
m = 2 cos θv

31 sin(δv)

[
[(sin 2θ21δm2

21)(sin 2θ32δm2
32)(sin 2θ31δm2

31)]v
[δm2

21 δm2
32 δm2

31]m

]
sin ∆m

21 sin ∆m
32 sin ∆m

31 .

(17)

As seen from eqs. (10) and (13), at either resonance the bracketed factor in this equation does

not become large. What the resonance manages to do is to cancel the small vacuum value of

sin 2θv
21 or sin 2θv

31 in the amplitude (16Jv) of the T-violating oscillation. But accompanying

even this cancellation is a negative consequence for the associated oscillation lengths, to

which we now turn.

3 Baseline Limitations

A significant enhancement of T-violating oscillation amplitudes requires a small-angle reso-

nance. The conditions for this are either

δm2
21|m ! δm2

21|v or δm2
32|m ! δm2

21|v . (18)

6

ρEν

– Typeset by FoilTEX – 34

ρEν m2
i
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∆N ≈ |∆ − aL| where a = GF Ne/
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a → −a for anti-neutrinos:

L = 810 km
ρ = 2.8 g.cm−3
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where
√

Patm = sin θ23 sin 2θ13
sin(∆31∓aL)
(∆31∓aL) ∆31

and
√

Psol = cos θ13 cos θ23 sin 2θ12
sin(aL)
(aL) ∆21
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Pµ→e ≈ | √
Patme−i(∆31±δ) +

√
Psol |2

a = GF Ne/
√

2 = (4000 km)−1, ∆ij = |δm2
ij|L/4E and ± =

sign(δm2
31)

⇑
⇑

2θ13
θcrit

∼ (aL)θ13

⇓
⇔

∼ ∆31 cot ∆31
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Matter Effects:

sin∆31 ⇒
(

∆31
∆31∓aL

)
sin(∆31 ∓ aL)

sin∆21 ⇒
(

∆21
∆21∓aL

)
sin(∆21 ∓ aL)

sin∆32 ⇒ sin∆32

{δm2 sin 2θ} is invariant
and

a = GFNe/
√

2
= (4000 km)−1

Matter effects are IMPORTANT when sin(∆∓ aL) $= (∆∓ aL).

Matter Effects important for NuMI-OFF-Axis ( 800 km), less so for JParc (295 km).
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Figure 1: Shown are (a) the neutrino mass-squared eigenvalues in matter and (b) the ratio

Jm/Jv, for the parameters listed in eq. (15), as a function of the neutrino energy. Positive

energies correspond to neutrinos, and negative energies correspond to anti-neutrinos (vice

versa for inverted δm2’s).

produces a large value of Jm. A quantitative view of the impossibility of matter to produce

a truly large amplitude results when the explicit expression for Jv in eq. (5) is substituted

into eq. (8). The result is

P !T
m = 2 cos θv

31 sin(δv)

[
[(sin 2θ21δm2

21)(sin 2θ32δm2
32)(sin 2θ31δm2

31)]v
[δm2

21 δm2
32 δm2

31]m

]
sin ∆m

21 sin ∆m
32 sin ∆m

31 .

(17)

As seen from eqs. (10) and (13), at either resonance the bracketed factor in this equation does

not become large. What the resonance manages to do is to cancel the small vacuum value of

sin 2θv
21 or sin 2θv

31 in the amplitude (16Jv) of the T-violating oscillation. But accompanying

even this cancellation is a negative consequence for the associated oscillation lengths, to

which we now turn.

3 Baseline Limitations

A significant enhancement of T-violating oscillation amplitudes requires a small-angle reso-

nance. The conditions for this are either

δm2
21|m ! δm2

21|v or δm2
32|m ! δm2

21|v . (18)

6

− 1 + 0.5

√
sin2 2θ13

0.05

− 1 + 1.5

√
sin2 2θ13

0.05

in vac sin∆31

in vac sin∆21
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P (νµ → νe) ≈ |
√

Patme−i(∆32+δ) +
√

Psol|2
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νµ→ νe

P (νµ → νe) = | U∗
µ1e

−im2
1L/2EUe1 + U∗

µ2e
−im2

2L/2EUe2 + U∗
µ3e

−im2
3L/2EUe3 |2

= |2U∗
µ3Ue3 sin ∆31e

−i∆32 + 2U∗
µ2Ue2 sin ∆21|2

= |
√

Patme−i(∆32+δ) +
√

Psol|2

where
√

Patm = sin θ23 sin 2θ13 sin ∆31 and
√

Psol ≈ cos θ23 sin 2θ12 sin ∆21

δ → −δ for ν̄

P (νµ → νe) = Patm + 2
√

Patm

√
Psol cos(∆32 + δ) + Psol

for anti-neutrinos: a → −a and δ → −δ
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Matter
ρEν m2

i

a → −a for anti-neutrinos:

L = 810 km
ρ = 2.8 g.cm−3

δ = ±π
2
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vacuum

ρEν m2
i

a → −a for anti-neutrinos:

sin2 2θ13 = 0.10
L = 810 km ρ = 2.8 g.cm−3

δ = ±π
2⊗
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a → −a for anti-neutrinos:
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L = 810 km ρ = 2.8 g.cm−3

δ = ±π
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⇐ Phases V aries ⇒⊗
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dashes δ = π/2
solid δ = −π/2

normal
inverted
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OR

WOW!!!
OSCILLATION PATTERN HAS 

RICH STRUCTURE  !!!

ρEν m2
i

a → −a for anti-neutrinos:

sin2 2θ13 = 0.10
L = 810 km ρ = 2.8 g.cm−3

δ = ±π
2

⇐ Phases V aries ⇒⊗
ν:

dashes δ = π/2
solid δ = −π/2

normal
inverted

ν̄:
dashes δ = −π/2
solid δ = +π/2

normal
inverted

P (ν, δm2
31, δ) = P (ν̄, −δm2

31, δ+π)
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• SUPERBEAMS:  (0.4 to 4 MW)

• Counting Expts

• Spectrum Measurement

• NEW NEUTRINO BEAMS

• Neutrino Factory (muon storage ring)

• Beta Beams

mcosmo =
∑

mi

Long Baseline νµ→ νe or νe→ νµ
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• 28 GeV protons. 1 MW beam power. Horn focussed

• 500 kT water Cherenkov detector.  

• baseline > 2500 km.  WIPP, Henderson, Homestake

• We have proven by 3 years of work that this can be done.

 

2540 km

Homestake
BNL

AGS Super Neutrino Beam Facility Horn Geometry

BNL Wide Band. Proton Energy = 28 GeV
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Figure 6.7: Wide band horn focused muon neutrino spectrum for 28 GeV protons on a graphite
target.

BNL Wide Band. Proton Energy = 28 GeV
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Figure 6.8: Wide band horn focused muon antineutrino spectrum for 28 GeV protons on a
graphite target.

97 October 8, 2004

Numerous Approaches to Studying νµ↔ νe Transitions:

• Off Axis - Narrow Band Beams νµ → νe (T2K and NOvA)

• On Axis - Broadband Beam νµ → νe (BNL 2 HSK)

• Neutrino Factory νe → νµ

• Beta Beams νe → νµ

On Axis Beams:

– Typeset by FoilTEX – 4

FNAL

Henderson

Brookhaven Proposal



2450 km, 500 kt, 1MW, 5+5 yrs, 95 %  CL  

where
√

Patm = sin θ23 sin 2θ13 {sin∆31 ⇒ sin(∆31∓aL)
(∆31∓aL) ∆31}

and
√

Psol = cos θ13 cos θ23 sin 2θ12 {sin∆21 ⇒ sin(aL)
(aL) ∆21}

2σ

Eν Window

Hierarchy resolved for sin2 2θ13 > 0.008 for all δ.
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Some recent progress: detector in Korea Some recent progress: detector in Korea 

JPARC
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Nov. 18-19, 2005 Korean Detector WS

Spectral information solves degeneracy
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Spectral information solves degeneracy

where
√

Patm = sin θ23 sin 2θ13 {sin∆31 ⇒ sin(∆31∓aL)
(∆31∓aL) ∆31}

and
√

Psol = cos θ13 cos θ23 sin 2θ12 {sin∆21 ⇒ sin(aL)
(aL) ∆21}

2σ

Eν Window
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Counting Experiments:

Off-Axis Beams:
BNL 1994

Proposed Experiments:

Narrow Beams - Counting Expts:

L=295 km and
Energy at Vac. Osc. Max. (vom)

Evom = 0.6 GeV
{

δm2
32

2.5×10−3 eV 2

}

L=700 - 1000 km and
Energy near 2 GeV

Evom = 1.8 GeV
{

δm2
32

2.5×10−3 eV 2

}
×{

L
820 km

}
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T2K NOvA
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0.75  upgrade to  4 MW 0.4  upgrade to  2 MW

T2K NOvA

L=295 km
2.5 degree Off Axis

<E> = 0.65 GeV
20% spread

L=810 km
12 km Off Axis
<E> = 2.0 GeV

15% spread



Patm: P atm(νµ → νe) = |aatm|2 = sin2 θ23 sin2 2θ13 sin2 ∆31

Psol: P sol(νµ → νe) = |asol|2 = cos2 θ23 cos2 θ13 sin2 2θ12 sin2 ∆21

Sum: P (νµ → νe) = |aatm+asol|2 = P atm+P sol +2
√

P atm.P sol cos (∆32 ± δ)

∼ cos ∆32 cos δ

∼ sin∆32 sin δ

P (νµ → νe) = |aatm + asol|2 = P atm + P sol + 2
√

P atm.P sol cos (∆32 ± δ)

Matter Effects:

sin∆31 ⇒
(

∆31
∆31∓aL

)
sin(∆31 ∓ aL)
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Pµ→e ≈ | √
Patme−i(∆32±δ) +

√
Psol |2

0 when ∆31 = π/2

0 in vacuum

a = GF Ne/
√

2 = (4000 km)−1, ∆ij = |δm2
ij|L/4E

and ± = sign(δm2
31)

⇑
⇑

2θ13
θcrit

∼ (aL)θ13

⇓
⇔

∼ ∆31 cot ∆31
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Leptonic CP and T Violation in Oscillations

CP
νµ ↔ νe ⇐⇒ ν̄µ ↔ ν̄e Super-Beams

T $ $ T

νe ↔ νµ ⇐⇒ ν̄e ↔ ν̄µ Nu-Factory
CP

CP Violation in Neutrino Oscillations

is related to Leptogensis
and hence Baryogenesis.
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inverted

normal

vacuum

Mass Hierarchy: – sign of δm2
31

Matter Effects

– Typeset by FoilTEX – 6



〈sin δ〉+ − 〈sin δ〉− = 2〈θ〉/θcrit ≈ 1.4

√
sin2 2θ13

0.05

〈sin δ〉+ − 〈sin δ〉− = 2〈θ〉/θcrit ≈ 0.47

√
sin2 2θ13

0.05

(ρL) for NOvA three times larger than (ρL) than T2K.

θcrit = π2

8
sin 2θ12
tan θ23

δm2
21

δm2
31

/(aL) ∼ 1/6

〈sin δ〉+ − 〈sin δ〉−

≈ 0.5

√
sin2 2θ13
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〈sin δ〉+ − 〈sin δ〉−
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NOvA:



FIG. 6: Sensitivity to the sign(∆m2
31)-extraction at the 95% CL within the three reference setups

explored in the present study. The labels L, M and S correspond to the Large, Medium and

Small experimental setups explored in this study, respectively. The dashed black curve is obtained

from Eq. (7) setting 〈sin δ〉− = −1 (〈sin δ〉+ = +1) for the normal (inverted) hierarchy. This is the

bound that would be obtained with infinite statistics and in the absence of backgrounds.

are obviously crucial to resolve the hierarchy of the neutrino mass spectrum9. The sensitivity

to the measurement of the sign of the atmospheric mass difference is expected to be better

when the sign of sin δ is negative: in the case of the Medium experimental setup, the

sensitivity to the sign (∆m2
31)-extraction is lost for positive values of sin δ. We show as well

in Fig. (6) the theoretical limit on the sign(∆m2
31)-extraction, which acts as a rigorous upper

bound on the experimental sensitivity curves. A possible way to resolve the fake solutions

associated to the sign of the atmospheric mass difference would be to combine the data from

the proposed NuMI 10 km off-axis and T2K experiments [20, 25]. The complementarity of

the NuMI and T2K experiments can be explicitly shown by exploiting the identity given in

9 Recently, new approaches for determining the type of hierarchy have been proposed [28] by exploiting other

neutrino oscillations channels, such as muon neutrino disappearance, and require very precise neutrino

oscillation measurements.
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θ13 & Beyond:
Nu Worlds

Summary: νµ → νe

• Fabulous Laboratory for Neutrino Oscillations

• Sensitive to

• Fraction νe in ν3: sin2 θ13

• Mass Hierarchy: sign δm2
31

• CP Violation: sin δCP

• Atmospheric: θ23 ↔ π
2 − θ23

• CPC: cos δCP

• Solar: δm2
21 sin2 2θ12

• Potential for Surprises!
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